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1. Exercise Sheet-Solutions

Exercise 1

Let Ω ⊂ Rn be an open and bounded set. We say that a function v ∈ C2(Ω) is subharmonic,
if and only if it satisfies

−∆v ≤ 0 in Ω. (1)

1. For any subharmonic function v, show the inequality

v(x) ≤
 
Br(x)

v(y)dy for all Br(x) ⊂ Ω. (2)

Solved in class. The idea is: fix x ∈ Ω and Br(x) ⊂ Ω. Define F : (0, R] → R by

F (s) :=

 
∂Bs(x)

v(y)dµ∂Bs(x)(y). (3)

Using the divergence theorem and the fact that v is subharmonic, one can show that
F ′(s) ≥ 0. One can show that lims→0 F (s) = v(x): I did it with Taylor expansion
because v ∈ C2; if we had only v ∈ C0, one needs an ϵ − δ argument as one
of you was correctly pointing out; finally, you may find interesting the Lebesgue’s
differentiation theorem, which says that for v ∈ L1

loc this is true almost everywhere.
Therefore, we have obtained v(x) = F (0) ≤ F (s) =

ffl
∂Bs(x)

v(y)dµ∂Bs(x)(y), which
is the mean value inequality on spheres. You can conclude integrating this inequality
in ds from 0 to r and using the coarea formula (“onion formula”).

2. Deduce the identity maxΩ v = max∂Ω v. Solved in class. The idea is: suppose v
has an internal maximum x0 ∈ Ω. Set r := dist(x0, ∂Ω). Clearly, Br(x0) ⊂ Ω and
there exists y0 ∈ ∂Ω ∩ B̄r(x0). Using the mean value inequality and the definition
of maximum we get

0 = v(x0)−max
Ω̄v

≤
 
Br(x0)

(v(y)−max
Ω̄v

)dy ≤ 0. (4)

Therefore, the equal sign = must hold in the entire chain, which means that for
every y ∈ B̄r(x0) we have v(y) = maxΩ̄v, so even for y0.

3. Let φ : R → R be a smooth and convex function. Moreover, let u be a harmonic
function and set v := φ(u). Show that v is a subharmonic function. Solved in class.
The idea is: we compute by derivating the composition

∆(φ(u)) = φ′′(u)|Du|2 + φ′(u)∆u = φ′′(u)|Du|2 ≥ 0, (5)

where we used that u is harmonic in the second to last equality, and the convexity
of φ in the very last inequality.
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4. Let again u be a harmonic function. Show that the function v defined by v := |Du|2
is subharmonic. Solved in class. The idea is: from Schwarz’s theorem for every
i = 1, ..., n we have ∆(Diu) = Di(∆u) = 0; since t 7→ t2 is convex, by the point
above we know (Diu)

2 is subharmonic; finally, summing over i = 1, ..., n preserves
the condition of being subharmonic.

Exercise 2
Let u ∈ C0(Rn) be a function satisfying the mean value property in Rn and assume thatˆ

Rn

|u|p(y)dy < +∞ (6)

for some exponent p ∈ [1,∞). Prove that u ≡ 0. Solved in class. The idea is: we consider
the mean value identity for harmonic function and take absolute values:

|u(x)| ≤ 1

|B1|rn

ˆ
Br(x)

|u(y)|dy. (7)

Using Hölder’s inequality with exponents p and its conjugate q := (1 − p−1)−1 ∈ (1,∞]
with functions u and the characteristic function 1Br(x) we arrive at

|u(x)| ≤ 1

|B1|rn
∥u∥Lp (|B1|rn)

1
q ≤ Cr

−n
p , (8)

for some constant C ∈ R. We get the thesis by letting r going to infinity.

Exercise 3
Suppose a function u is harmonic in some domain Ω ⊂ Rn \ {0}. Define a new function v
by

v(x) := |x|2−nu
( x

|x|2
)

(9)

Find a suitable domain Ω′ on which v is defined, and prove that v is harmonic in Ω′.
The idea is: we first prove that if p is a homogeneous monomial of degree m, then
∆(|x|2−n−2mp(x)) = |x|2−n−2m∆p(x) (call t := 2 − n − 2m). By linearity this is true
for any homogeneous polynomial p(x) of degree m.
Setting K[u](x) = |x|2−nu

(
x

|x|2
)
, for a homogeneous polynomial p we have K[p](x) =

|x|2−n−2mp(x) by direct computation.
Finally, we prove ∆(K[u]) = K[|x|4∆u] for any function u: firstly, we prove it for homoge-
neous polynomial of any degree m by what we have done above (it doesn’t depend on m!);
by linearity, this holds for any polynomial; we conclude using the density of polynomials
in C2

loc given by the Weierstrass’ Theorem.

Exercise 4
Consider the following initial value problem for the non-homogeneous transport equation{

ut + b ·Du = f in Rn × (0,+∞),

u = g on Rn × {0} .
(10)

Construct an explicit solution u to the problem above. (Hint: which equation does the
auxiliary function z(s) := u(x + sb, t + s) solve in this case?) The idea is: using the
differential equation for u, we see that the auxiliary function z defined in the hint satisfies

z′(s) = Du(x+ sb, t+ s) · b+ ut(x+ sb, t+ s) = f(x+ sb, t+ s). (11)

The fundamental theorem of calculus applied to z, together with the initial condition for
u, give

u(x, t)− g(x− tb) = z(0)− z(−t) =

ˆ 0

−t
z′(s)ds = ... =

ˆ t

0
f(x+ (s− t)b, s)ds. (12)

Bringing g to the other side we conclude.
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